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Localization of normal modes is used in recent microelectromechanical systems (MEMS) tech-
nologies with orders of magnitude improvements in sensitivity. A pair of eigenvalues veer, or avoid
crossing each other, as a single parameter of a vibrating system is varied. While it is well-known
that the sensitivity (s) of modal amplitude ratio varies with strength of coupling (κ) as s ∝ κ−1 in
the case of two identical coupled oscillators, recently, we showed that asymmetry α will also influ-
ence sensitivity according to s ∝ (ακ)−1. Here, we show that further enhancements in sensitivity
is possible in higher degrees of freedom (n) systems using energy analysis. In the case of n − 2
uniformly coupled oscillators embedded between two oscillators, we show that s ∝ α−1κ1−n, if the
blocked resonance spectra of the embedded oscillators and the end oscillators are well-separated. We
also show that asymmetric coupled oscillators also enhance linear range in addition to sensitivity
when compared to their symmetric counterparts. We do not use a perturbation approach in our
energy analysis; hence the sensitivity and linear range expressions derived have a wider range of
accuracy.
I. INTRODUCTION
Natural frequencies and mode-shapes of a linear vi-
brating system can exhibit startling sensitvitiy when a
parameter is varied. Stated mathematically, eigenvalues
(square of undamped natural frequencies) and eigenvec-
tors (normal modeshapes) are sensitive to a parameter
change in the underlying matrix differential operator.
How these quantities change in the vicinity of a degen-
erate point has attracted the attention of many physi-
cists [1, 2] and engineers [3–9]. In eigenvalue veering, two
eigenvalue curves come close as a parameter of a linear vi-
brating system (for example mass, or stiffness) is varied.
Instead of crossing, as one anticipates, they veer away
from each other as shown in Figure 1. Simultaneously,
the associated eigenvectors with each curve rotate, cul-
minating in localization of vibrational energy to specific
resonators. Given the fundamental nature of eigenvalue
problems, it is not surprising that this phenomenon of
veering or avoided crossing has been studied, often in-
dependently, in various branches of physics, structural
dynamics and musical acoustics [10]. Here, our concern
is with the phenomenon of localization of normal modes
of a discrete coupled linear vibrating system in the con-
text of sensing.
Rapid developments in miniaturization technologies
for sensors, coupled with the need for higher sensitiv-
ity and the search for alternatives to conventional res-
onant frequency shift-based sensing paradigms used in
an atomic force microscope [11] for example, has revived
interest in mode localization as a means to achieve ul-
tra high sensitivity [12–14]. Orders of magnitude im-
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FIG. 1. Schematic showing veering of eigenvalues (solid
lines) as a system parameter is varied (only veering branches
are shown). Mode localization to jth resonator is also shown,
where a1 and aj are modal amplitudes of first and jth res-
onators respectively.
provements in sensitivity have been achieved and novel
MEMs sensors for sensing mass [12, 15, 16], displace-
ment [17], acceleration [18, 19], electrometer [20, 21]
have emerged. The eigenvector sensitivity is exploited
in these sensing technologies. Within a narrow range
of perturbation, called veering zone, the eigenvectors ro-
tate swiftly [22–24] and the rate of rotation is inversely
proportional to coupling stiffness (κ). Consequently, sen-
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FIG. 2. An n-DOF coupled spring-mass system with nonuni-
form stiffness perturbation.
sitivity (s) of eigenvectors to a mass or stiffness pertur-
bation is very high for weak coupling ( s ∝ κ−1, and
κ << 1 for weak coupling). Typically, electrostatic cou-
pling of resonators [13] yields a weak, tuneable coupling
stiffness leading to high sensitivity. Several transduc-
ers that use electrostatic coupling springs have been re-
ported based on mass perturbation [16] or stiffness per-
turbation [13, 17, 23], operating in vacuum [13, 17] or
in ambient conditions [23, 24]. Closed-loop accelerome-
ters have also been reported [25, 26]. Contrary to com-
mon belief, symmetry of resonators is not a prerequisite
for veering and mode localization to occur [14, 24, 27].
In fact, when two asymmetric resonators are coupled,
the sensitivity of modal amplitudes undergoing veering
varies as s ∝ (ακ)−1, where α is degree of asymmetry.
Thus, indeed asymmetry can help improve sensitivity for
α < 1. Here, we show using energy analysis that further
enhancements in sensitivity are possible by increasing the
order of the vibrating system and we also quantify the
trade-off between sensitivity and bandwidth.
We begin by describing a theoretical framework based
on energy and exploit synchronous motion properties to
deduce recursive modal equations to explain mode lo-
calization in section II, followed by a derivation of ap-
proximate sensitivity expression for an n-DOF coupled
resonator system in section III. We then specialize to the
case of a three coupled resonator system in section IV,
ending with conclusions in section V.
II. ANALYSIS OF VEERING
In this section, we establish relation between modal
amplitudes of an n-DOF coupled resonators system
shown in Figure 2. mj , kj and ∆kj are mass, stiff-
ness and perturbation in stiffness respectively of jth res-
onator. Resonators are coupled using springs of stiff-
ness kc. Traditionally one uses matrix based linear al-
gebraic principles to analyze mode localization, such as
matrix based perturbation method [28] or eigenderiva-
tive method [8, 22, 29]. Here, we use a general energy
based approach to develop recursive relations for modal
amplitudes. The advantage of this approach is that the
perturbations need not be small.
We start by writing governing equations for the sys-
tem shown in Figure 2. To find the amplitudes of the
normal modes from the governing equations, we employ
the concept of synchronous motion. In synchronous mo-
tion, all the masses pass through their respective equi-
librium (as well as minima and maxima) positions at the
same time [30, 31]. Note that for an undamped or pro-
portionally damped system, synchronicity is a property
of normal modes. Although the analysis below assumes
a conservative system (no damping), the modal relations
obtained in the end are valid for a proportionally damped
system as well [32, 33].
The governing equations of motion for the conservative
system are given by:
mj x¨j = − ∂V
∂xj
, (1)
where xj is displacement of mass mj and V is the poten-
tial energy of the system. Potential energy can come from
strain, electrostatic or magnetic interactions etc. or a
combination of those. Here we assume them to be stored
in springs of constant stiffnesses (linearly vibrating sys-
tem). Then the potential energy expression is obtained
as:
V =
1
2
n∑
i=1
(ki + ∆ki)x
2
i +
1
2
kc
n−1∑
i=1
(xi+1 − xi)2. (2)
We refer to Figure 2 for the definition of parameters
used in the above equation. Now, for a generalized syn-
chronous motion, displacement of one mass is sufficient to
characterize the motion of the system as all displacements
are algebraically related [30, 31]. For a linear system, the
synchronous motion is of the following form:
xj(t) = ajx1(t), (3)
where we take the first mass as the reference mass (as-
suming x1 6= 0, a1 = 1). aj are constant modal amplitude
parameters. Note that we have selected the first mass as
reference with unit amplitude of the mode, a1 = 1. Thus
for all modes p = 1 . . . n, a1p = 1. The normal modal vec-
tor of the system can be written as [1 a2 ... an]
T . Substi-
tuting (2) and (3) in (1), the following recursive relations
among modal amplitude parameters is obtained [23]:
aj−1(1− δj1)
−
(
kj−αjk1
kc
+
∆kj−αj∆k1
kc
+ (2− αj − δj1 − δjn) + αja2
)
aj
+aj+1(1− δjn) = 0.(4)
where αj = mj/m1 is the asymmetry parameter, j =
1...n. δij is a Kronecker delta function. The above set
of recursive relations simplify further if the perturbation
∆kj is localized. For perturbation only in the lth res-
onator (∆kj = δjl∆k) with l 6= 1 (no perturbation in the
reference resonator), the recursive relations reduce to the
following form:
aj−1(1− δj1)
−
(
kj−αjk1
kc
+ ∆kkc δjl + (2− αj − δj1 − δjn) + αja2
)
aj
+aj+1(1− δjn) = 0.(5)
3The recursive relations in (5) can be transformed into
an nth order polynomial equation in a2 alone, in princi-
ple. The n roots of this polynomial equation, a2p, p =
1 . . . n, then are the modal amplitudes of the second mass
in each of the n modes of the system. Substituting the
values of a2 = a2p in the recursive relation (5) gives the
modal amplitudes of other (third, fourth etc.) resonators
in the pth mode. Further, the pth natural frequency is
obtained by inserting simple harmonic motion of the res-
onators, x1(t) = a1e
iωpt = eiωpt and x2(t) = a2e
iωpt in
the governing equation for the first mass (the first equa-
tion in (1) corresponding to j = 1):
ωp =
√
k1 + ∆k1 + kc(1− a2p)
m1
, (6)
where a2p is the modal amplitude of the second mass
in pth mode of vibration. Note that pth eigenvalue for
this system equals square of pth natural frequency. In or-
der to characterize mode localization in pth mode due to
stiffness perturbation, we define the following eigenmode
sensitivity norm (Sp):
Sp =
danp
dδ
, δ = ∆k/k1. (7)
where anp is modal amplitude ratio since a1p = 1, and δ
is nondimensional stiffness perturbation. We need to in-
terpret anp as the ratio of displacement amplitude of the
nth resonator to the first resonator. Note that nondimen-
sional stiffness perturbation δ is different from Kronecker
delta δij . For latter use, we define nondimensional cou-
pling stiffness as κ = kc/k1.
III. SENSITIVITY OF n-COUPLED
RESONATORS
Here we derive an expression for the eigenmode sensi-
tivity, as defined in (7), to stiffness perturbation in the
nth resonator in a system of n weakly coupled resonators,
where the first and the last resonators have the same
natural frequency (ω20 =
k1
m1
= knmn ), but the middle res-
onators have very high natural frequencies compared to
the two end resonators (ωj >> ω0, j = 2 . . . n− 1). Hav-
ing resonators of the same natural frequency at the two
ends is guided by the fact that the stiffer resonators in
the middle block transmission of energy across the cou-
pled resonators system due to impedance mismatch. This
leads to very high ratio of modal amplitudes of the end
resonators in a veering mode, and hence enhanced energy
localization in a vibration transmission when one end of
the chain is harmonically forced.
Consider the variation of normalized eigenvalues, λp =
ω2p/ω
2
0 , ω
2
0 = k1/m1, of the system in Figure 3 as stiff-
ness perturbation in the last resonator, denoted by per-
turbation ratio (∆k/kc = δ/κ), is changed. The plot
also shows the variation of the square of the blocked un-
coupled natural frequencies (motion of all the resonators
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FIG. 3. An schematic showing square of blocked uncou-
pled natural frequencies (dashed line) and square of natural
frequencies of the coupled system (solid line) as stiffness per-
turbation in the last resonator is varied in an n-DOF system
(only first four branches are shown here) with middle res-
onators of very high natural frequency compared to the two
end resonators.
are blocked except the one in consideration) [9] of each
of the resonators as dashed lines. The frequency curves
which cross in blocked uncoupled case veer in the coupled
system, whereas the higher frequencies undergo negligi-
ble change, see Figure 3. Veering frequencies asymp-
totically approach blocked uncoupled frequencies [9] and
hence can be approximated by them outside the veering
zone. For positive perturbations, δ/κ > 0, and we have
λ2 ≈ kn + kc + ∆k
mn
≈ ω20
(
1 +
κ
αn
+
δ
αn
)
,
ω20 =
k1
m1
=
kn
mn
, κ =
kc
k1
, δ =
∆k
k1
, αn =
mn
m1
, (8)
Though having the same natural frequency of the first
and the last resonators is sufficient, the two resonators
have been assumed to be identical, i.e. k1 = kn, m1 =
mn to ease subsequent derivation, without loosing gen-
erality of the conclusions. Thus the asymmetry parame-
ter αn = 1. The above expression can also be obtained
through natural frequency approximation using Rayleigh
quotient method [34] (λ2 =
φTKφ
φTMφ
, where φ is mode-
shape, and K and M are stiffness and mass matrices) by
assuming that the mode is localized to the last resonator
(φ = [0 0 ... 0 1]T ). Using (6) and (8), a22, the modal
amplitude ratio for the second mode at resonator 2, can
be obtained as:
a22 = 1−
(
λ2
ω20
− 1
)
/κ ≈ − δ
κ
. (9)
4The modal amplitude relations (5) for n-coupled res-
onators, for the second mode (j = 2), with stiffness per-
turbation only in the end resonator can be expanded as
follows:
1−
(
k2/k1−α2
κ + (2− α2) + α2a2
)
a2 + a3 = 0,
as−1 −
(
ks/k1−αs
κ + (2− αs) + αsa2
)
as + as+1 = 0,
s = 3 ... N − 1,
an−1 −
(
kn/k1−αn
κ +
δ
κ + (2− αn) + αna2
)
an = 0,(10)
where we have used the relations κ = kc/k1 and δ =
∆k/k1.
As the veering natural frequencies are much smaller
than the other natural frequencies, outside the veering
zone, λ1 < λ2 << λp, p = 3 ... n for δ > 0. This yields:
δ <<
kj/k1 − αs
αs
, s = 2 . . . n− 1. (11)
Using the above approximation in (10), we get:
ks/k1 − αs
κ
+(2−αs)+αsa2 ≈ ks/k1 − αs
κ
, s = 3 ... N−1
(12)
for weak coupling. Applying this approximation in the
recursive relation (10), we obtain the modal amplitudes
of the resonators in the second mode:
a22 ≈ − δ
κ
,
a32 ≈ − δ
κ2
(k2/k1 − α2),
.
.
an2 ≈ − δ
κn−1
n−1∏
i=2
(ki/k1 − αi). (13)
Sensitivity of the second mode (one of the modes under-
going veering) is given by:
S2 =
dan2
dδ
≈ − 1
κn−1
n−1∏
i=2
(ki/k1 − αi)
≈ − 1
κn−1
(
n−1∏
i=2
αi
)
n∏
p=3
(λp − 1), (14)
upon approximating pth natural frequency to be equal to
the blocked uncoupled natural frequency of ith resonator
(ω2p ≈ (ki + 2kc)/mi ≈ ki/mi). The above suggests that
the sensitivity increases as 1/κn−1 and is also affected by
the distance between the veering eigen branches and the
higher eigen branches shown in Figure 3. For, kn/k1 =
mn/m1 = αn, it can be shown that
S2 =
dan2
dδ
≈ − 1
αnκn−1
n−1∏
i=2
(ki/k1 − αi)
≈ − 1
αnκn−1
(
n−1∏
i=2
αi
)
n∏
p=3
(λp − 1). (15)
The expression above suggests that the sensitivity varies
inversely with αn. So, a smaller last resonator (also the
resonator which is perturbed) having the same natural
frequency as the first resonator leads to a further en-
hancement in sensitivity. Also, asymmetry parameters
can be adjusted to improve sensitivity.
IV. THREE-COUPLED RESONATORS
Now we deduce the amplitude ratio relation and
eigensensitivity for a three-DOF coupled resonators sys-
tem using (5) and compare with the approximate expres-
sion in (15). In the previous section, we started by find-
ing the approximate value of one of the veering natural
frequencies. Here, we start by finding the approximate
value of the natural frequency branch not participating
in veering. It will be seen later in this section that this
allows approximation of the lowest stiffness perturbation
at which variation of the modal amplitude ratio with stiff-
ness perturbation becomes linear.
For a weakly coupled resonators system having end
resonators of the same natural frequency, the middle res-
onator of much higher natural frequency, and the stiff-
ness perturbation (∆k) applied to the end resonator, the
modal amplitude relations (5) are as follows:
1−
(
k2/k1 − α2
κ
+ 2− α2 + α2a2
)
a2 + a3 = 0, (16)
a2 −
(
δ
κ
+ 1− α3 + α3a2
)
a3 = 0.(17)
Eliminating a3 from the recursive relation above, gives a
cubic equation in a2:
α2α3a
3
2 +
(
α3
(
k2/k1−α2
κ + 2− α2
)
+ α2 (1− α3)
)
a22−(
1 + α3 −
(
k2/k1−α2
κ + 2− α2
)
(1− α3)
)
a2 + α3 − 1+
δ
κ
(
α2a
2
2 +
(
k2/k1 − α2
κ
+ 2− α2
)
a2 − 1
)
= 0.(18)
We solve this cubic equation approximately to find a21,
a22 and a23, the values of modal amplitude of resonator
two in the three modes of vibration of the system, us-
ing blocked uncoupled natural frequency of the middle
resonator. Note that the blocked uncoupled natural fre-
quency of the middle resonator is far away from the veer-
ing natural frequencies and is approximately equal to the
third natural frequency of the system (see Figure 3, where
for a 3-DOF system, the topmost eigen branch will be ab-
sent). Using this approximation, we get:
ω3 ≈
√
k2 + 2kc
m2
. (19)
Using (6), amplitude of the second mass in the third
mode of vibration (a23) is approximated.
a23 ≈ 1− k2 − α2k1 + 2kc
α2kc
≈ −k2/k1 − α2 + 2κ− α2κ
α2κ
.
(20)
5Note that a23 is large as κ << 1. Now, as a23 is
approximately a root of the cubic equation (18) with
δ = 0, we assume a23 = a
0
23 + , || << |a023| where
a023 = −(k2/k1 − α2 + 2κ − α2κ)/(α2κ) and use it to
convert the cubic equation to the following form:
α2α3 (a2 − a23)
(
a22 +B1a2 +B0
)
+
δ
κ
α2
(
a22 − a23a2 −
1
α2
)
≈ 0,
B1 =
1− α3
α3
+ c, B0 =
1− α3
α2α3a023
,  =
1 + α3
α2α3a023
,(21)
where coefficients B1 and B0 were obtained by expanding
(18) after substituting a23 = a
0
23 + and neglecting terms
of order 2 and higher. Notice that for a stiff middle res-
onator a023 < 0 as k2/k1 −α2 >> 0. Furthermore, one of
the roots of the quadratic equation attached with stiffness
perturbation is also approximately a23 as magnitude of
sum of roots is much higher than the magnitude of prod-
uct of roots (|a23| >> 1/α2) for weak coupling. This is
expected since the farthest eigenvalue (ω23) is unaffected
by perturbation. The other root approximately equals
−1/(α2a23) ≈ −1/(α2a023). Hence the above equation
can be converted to the following form:
α2α3 (a2 − a23)(
a22 +
(
1−α3+δ/κ
α3
+ 1+α3
α2α3a023
)
a2 +
1−α3+δ/κ
α2α3a023
)
≈ 0.(22)
The roots of the quadratic equation in a2 are given by:
a21, a22 ≈ 1
2
(
−1− α3 + δ/κ
α3
− 1 + α3
α2α3a023
)
±
1
2
√(
1−α3+δ/κ
α3
+ 1+α3
α2α3a023
)2
− 4 1−α3+δ/κ
α2α3a023
.(23)
As expected from (6), the two roots show veering in prox-
imity of δ/κ = α3−1 and change in them due to stiffness
perturbation is nonlinear. Far away from this point (out-
side veering zone), the root with higher magnitude (a22
for δ/κ > 0) can be approximated as the following after
neglecting the terms of order 1/(a023)
2 and higher:
a22 ≈ −1− α3 + δ/κ
α3
− 1
α2α3a023
(24)
Recognizing that the value of a22 << a
0
23 for δ < 1 and
using (16), a32 can be obtained.
a32 ≈ −α2a23a22 − 1. (25)
Substituting approximate value of a22 from (24) into
(25), and a23 ≈ α2a023, we obtain:
a32 ≈ α2a023
(
1− α3 + δ/κ
α3
+
1
α2α3a023
)
− 1. (26)
As a023 also varies as ∼ 1/κ (see (20)), variation in
a32 due to stiffness perturbation is further amplified
(a32 ∼ 1/κ2). Sensitivity of 2nd mode (the mode with
fast changing modal amplitude ratio) in the three-DOF
system is given by:
S2 =
da32
dδ
≈ −k2/k1 − α2 + (2− α2)κ
α3κ2
. (27)
The above expression matches with (15) on neglecting the
contribution of coupling in numerator (that is, neglecting
(2− α2)κ).
Figure 4 shows the change in modal amplitude ratio
a3 with perturbation ratio (δ/κ) for modes undergoing
veering for α2 = 1, and three different values of α3.
Note that with decreasing α3 we get a larger change in
modal amplitude ratio for the same stiffness perturba-
tion (hence a larger mode sensitivity). Furthermore, for
α2 = 1, α3 = 1, at zero stiffness perturbation, a3 shows
nonlinearity. In literature, an initial bias is suggested
to be applied in order to avoid this nonlinear part [14].
We find that the nonlinear part can be avoided by sim-
ply shifting the magnitude of α3 from 1, eliminating the
need for an initial bias. Furthermore, the curves for one
particular mode corresponding to all α3 values in the nor-
malized eigenvalue plot as well as in amplitude ratio plot
in Figure 4 pass through a common point. By rearrang-
ing the expression for a22 in (24), it is found that this
occurs at the value of δ/κ at which the dependence of
a22 on α3 is nullified, i.e. δ/κ ≈ −1− 1/(α2a023).
Figure 5 shows change in a3 with δ/κ for modes un-
dergoing veering for α3 = 1, and three values of α2. We
notice that the eigenvalues do not change, however the
modal amplitude ratio decreases with decreasing α2. It
can be observed that a32 changes faster with stiffness
perturbation if we decrease α3 or increase α2, if k2 is
varied such that a023 remains unchanged due to change
in α2. Keeping a
0
23 (≈ (λ3 − 1)/κ) constant ensures that
distance between veering eigenvalues and the other eigen-
value remains the same, allowing us to separate the effect
of distance between eigenvalues and the effect of change
in mass. We conclude that having stiffer and bulkier mid-
dle resonator while keeping the natural frequency of the
resonator unchanged, also leads to improved sensitivity.
In Figure 6, effect of asymmetry on sensitivity is shown.
Notice that α3 has a stronger effect on sensitivity.
In the next section, we derive limits of perturbation
within which the above sensitivity expression is valid.
A. Perturbation range
The variation of the amplitude ratio a3 with perturba-
tion deviates from linearity for very small perturbation
as well as for large perturbation. So, we find two limits of
stiffness perturbation within which amplitude ratio vari-
ation with the stiffness perturbation is linear with the
maximum deviation from linearity equal to γ. We focus
on the case of δ/κ > 0.
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FIG. 4. Variation of eigenvalues and amplitude ratios with
perturbation ratio for the modes undergoing veering for α2 =
1, and three values of α3 (black and yellow markers correspond
to two veering modes, and solid lines are approximate solution
from (26)). In the plot, κ = 0.01, and a023 = −100. Notice
that with decreasing α3 amplitude ratio undergoes sharper
change due to stiffness perturbation.
1. Lower limit
To find the lower limit, we reexamine the value of
a22 approximated from (23). For simplicity, we mea-
sure perturbation from the proximity of veering, that is
δ/κ = α3 − 1:
δ = δ0 + δ¯, δ0 = κ(α3 − 1), δ0 = 0 for α3 = 1. (28)
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FIG. 5. Variation of normalized eigenvalues and amplitude
ratio with perturbation ratio for the modes undergoing veer-
ing for α3 = 1, and three values of α2 ((black and yellow
markers correspond to two veering modes, and solid lines are
approximate solution from (26))). For the plot, κ = 0.01,
and a023 = −100. Observe that changing α2 does not affect
veering eigenvalues. Increasing α2 leads to sharper change in
amplitude ratio due to stiffness perturbation.
On changing variable, (23) transforms to give:
a22 ≈ 1
2
(
− δ¯
α3κ
− 1 + α3
α2α3a023
)
−
1
2
√(
δ¯
α3κ
+
1 + α3
α2α3a023
)2
− 4 δ¯
α2α3κa023
. (29)
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FIG. 6. Variation of the ratio of sensitivity with the sensitivity
in the symmetric case as asymmetry parameters are varied.
For the plot, κ = 0.01, and a023 = −100.
In comparison to (24), by taking one more term in the
approximation, a22 can be written as:
a22 ≈ − δ¯
α3κ
− 1
α2α3a023
− κ
α22(a
0
23)
2δ¯
. (30)
Using (16), a32 is approximated to be:
a32 = (−α2a023 + α2a22)a22 − 1
≈ α2a
0
23δ¯
α3κ
+
1− α3
α3
+
κ
α2a023δ¯
+
2δ¯
α23a
0
23κ
≈ α2a
0
23δ¯
α3κ
+
1− α3
α3
+
κ
α2a023δ¯
, (31)
on neglecting terms of order 1/(a023)
2 and higher, and
of oder δ¯2. Note that nonlinearity originates from the
last term with δ¯ in denominator. Deviation of amplitude
ratio from linearity should be ≤ γ.∣∣∣∣ κα2a023δ¯
∣∣∣∣ ∣∣∣∣α2a023δ¯α3κ + 1− α3α3
∣∣∣∣−1 ≤ γ. (32)
On simplifying, it gives an inequality which is quadratic
in δ¯/κ:∣∣∣∣∣
(
δ¯
κ
)2
+
(1− α3)
α2a023
(
δ¯
κ
)∣∣∣∣∣− α3α22(a023)2γ ≥ 0. (33)
The first term, quadratic in δ¯/κ, is the dominant term.
Solving the resultant quadratic inequality gives:
δ¯
κ
≥ α3 − 1
2α2a023
+
√(
α3 − 1
2α2a023
)2
+
α3
α22(a
0
23)
2γ
. (34)
In terms of actual perturbation, the lower limit is:
δ
κ
≥(α3 − 1) + α3 − 1
2α2a023
+
√(
α3 − 1
2α2a023
)2
+
α3
α22(a
0
23)
2γ
,
>∼α3 − 1 +
1
α2|a023|
√
α3
γ
. (35)
For α3 = 1, this simplifies to:
δ
κ
≥ 1
α2|a023|
√
γ
. (36)
For α3 = α2 = 1, this expression matches with the
expression for nonlinearity of amplitude ratio without
damping in an earlier work[14].
2. Upper limit
To find the upper limit, we make use of the approx-
imation based on block coupled resonators as described
in Sec. III. Using (6) and (8), a22 can be obtained:
a22 = 1−
(
λ2
ω20
− 1
)
/κ ≈ α3 − 1
α3
− δ
α3κ
. (37)
We use (10) to obtain the expression for a32:
a32 =(−α2a023 + α2a22)a22 − 1
≈− α2a023
(
α3 − 1
α3
)
+ α2
(
α3 − 1
α3
)2
− 1+(
α2a
0
23
α3κ
− 2α2α3 − 1
α23κ
)
δ +
α2
α23κ
2
δ2
≈
[
−α2a023
(
α3 − 1
α3
)
+
α2a
0
23
α3κ
δ
]
︸ ︷︷ ︸
≈ linear term in (31)
+
[
α2
(
α3 − 1
α3
)2
− 1− 2α2α3 − 1
α23κ
δ +
α2
α23κ
2
δ2
]
,
(38)
where linear term is taken the same as in the calculation
of the lower limit in (31). Enforcing deviation of a32 from
the first two terms in (38) to be ≤ γ gives:∣∣∣∣∣α2
(
α3 − 1
α3
)2
− 1− 2α2α3 − 1
α23κ
δ +
α2
α23κ
2
δ2
∣∣∣∣∣∣∣∣∣−α2a023(α3 − 1α3
)
+
α2a
0
23
α3κ
δ
∣∣∣∣−1 ≤ γ. (39)
We solve the above for values of α3 close to 1, in which
case modulus can be removed to obtain:(
α2
(
α3−1
α3
)2
− 1− 2α2 α3−1α23
δ
κ +
α2
α23
(
δ
κ
)2)
α3
α2|a023|
(
−(α3 − 1) + δ
κ
)−1
≤ γ,(40)
8which on simplifying yields the following inequality:
1
α3|a023|γ
(
δ
κ
)2
−
(
1 + 2
α3 − 1
α3|a023|γ
)
δ
κ
+(
(α3 − 1) + (α3 − 1)
2
α3|a023|γ
− α3
α2|a023|γ
)
≤ 0. (41)
Solving the above gives the upper limit of perturbation:
δ
κ
≤ α3|a
0
23|γ
2
(
1 + 2
α3 − 1
α3|a023|γ
+
√
1 +
4
α2(a023)
2γ2
)
.
(42)
For α3 = 1, this simplifies to:
δ
κ
≤ |a
0
23d|γ
2
(
1 +
√
1 +
4
α2(a023)
2γ2
)
. (43)
So, the range of perturbation for which amplitude ratio
a32 is linear (nonlinearity ≤ γ) is given by:
α3 − 1 + 1
α2|a023|
√
α3
γ
<∼
δ
κ
≤
α3|a023|γ
2
(
1 + 2
α3 − 1
α3|a023|γ
+
√
1 +
4
α2(a023)
2γ2
)
.(44)
Total perturbation range ∆r is:
∆r =
(
δ
κ
)
max
−
(
δ
κ
)
min
=
α3|a023|γ
2
(
1 +
√
1 +
4
α2(a023)
2γ2
)
− 1
α2|a023|
√
α3
γ
.
(45)
Figure 7 compares the analytically obtained perturba-
tion range with numerical values. There is a good match
between analytical and numerical values. Figure 8 com-
pares the effect of asymmetry on sensitivity and total per-
turbation range. The plots suggest that the effect of α2
variation on perturbation limits is minimal, even though
increasing α2 improves sensitivity. Also, decreasing α3
decreases perturbation range but it improves sensitivity.
So, there is a trade-off between sensitivity and pertur-
bation range. However, in a range of values of α2 and
α3, sensitivity and the total perturbation range both in-
crease (Figure 9). Asymmetry improves sensitivity and
range within the shaded region of this figure. The useful
range, in practice, is governed by the smallest amplitude
of vibration that can be detected without entering the
nonlinear vibration regime.
V. CONCLUSION
Mode localization in a system of weakly coupled res-
onators has been analyzed using an energy based ana-
lytical approach and recursive relations for modal am-
plitudes under synchronous motion. The modal recur-
sive relations have been used to derive approximate ex-
pressions for sensitivity in (15) and (27), and for linear
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FIG. 7. Lower and upper limits of perturbation within which
amplitude ratio (a3/a1) for the veering mode is linear. An-
alytical results are shown by continuous lines and circles de-
note numerical result. The upper plot shows the variation
of the perturbation limits with α3 (assuming α2 = 1) and
the lower with α2 (assuming α3 = 1). For the plot, κ = 0.01,
a023 = −100, and acceptable deviation from linearity γ = 0.05.
range of response in (45). These analytical expression
are found to agree with existing results in the literature,
where available. Our analysis of localization reveals that
carefully engineered asymmetry can enhance the sensitiv-
ity and linear range of response for sensing applications
that rely on mode localization. Practical demonstration
of these results in MEMS sensors remains for future work.
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FIG. 8. Variation of the ratio of sensitivity and total pertur-
bation range with the sensitivity and total perturbation range
in the symmetric case, respectively, as asymmetry parameters
are varied. For the plot, κ = 0.01, a023 = −100, and γ = 0.05.
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FIG. 9. Range of α2 and α3 values for which sensitivity and
total perturbation range both is higher than the symmetric
system. For the plot, κ = 0.01, a023 = −100, and γ = 0.05.
Note that the origin is the point of symmetry (α3 = α2 = 1).
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